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Among the simplest invariants of the sporadic finite simple groups are their outer auto- 
morphism groups. For 12 of the 26 possible isomorphism types of a sporadic simple group G, 
the outer automorphism group Out(G) has order 2, and in the remaining 14 cases, Out(G) is 
trivial. Historically the suspicion of the existence of a sporadic group was followed in fairly 
short order by the calculation of a good upper bound on the size of its outer automorphism 
group. In a few cases establishing the existence of certain outer automorphisms, like the ex- 
istence of the groups themselves, presented difficulties overcome only with the use of machine 
computation. In any case the calculations of the upper bounds, though typically straight- 
forward, can be difficult to track down in the literature — perhaps impossible in some cases. 
This note, which contains nothing new, is only intended to bring together these calculations. 
The proximate cause of writing them down was a question from Bob Oliver about the au- 
tomorphism groups of some of these groups, how they were — or might be - calculated, and 
specifically whether the Sylow 2-subgroups of a sporadic simple group are self-centralizing in 
the automorphism group of the simple group. The answer is that they are. 

1 Introduction 

As each of the 21 twentieth-century sporadic finite simple groups G came into 
view, the early properties that were worked out included an upper bound on 
|Aut(G)|, which eventually was proved to be sharp. By comparison with some 
other invariants - for example, complete local structure, maximal subgroups, 
and Schur multiplier - the structure of Aut(G') is relatively easy to settle, except 
for some nagging cases where one proves that |Out(G)| < 2 but equality is 
a computational challenge. We gather calculations here for the record. In 
particular they give an affirmative answer to a question of Bob Oliver about 
sporadic G"s: for T G Syl2(G'), is Z{T) a Sylow subgroup of CAut(G)(7')? 

All groups G, X, etc., are to be assumed to be finite. We use the following 
notation: 

G is a finite simple group, identified with its group Inn(G) of inner automor- 
phisms. 

A = Aut(G) and A = A/G = Out(G) 

C{X) = Ga{X)G/G and N{X) = Na{X)GIG, for any X C G 
T e Syl2(G), Z = Z(T), and G = Gg{Z{T)) 



M is a (large) proper subgroup of G such that Tm -.^ T n M € Sy\2{M). A 
good choice of M reveals much about Aut(G'). 

F = F*{M) 

Aut^(i?) is the image of the natural mapping Na{B) — s> Aut(i3) defined by 

g conjugation by 5; thus AniA{B) = Na{B)/Ca{B) 
mp{X) is the p-rank of the finite group X. 

Theorem 1.1. Let G he one of the sporadic groups listed in Table 1. Then 
A = Out(G') is of order 1 or 2, as indicated there. G possesses a subgroup M 
of the given type. If A ^ 1, then the next column identifies A and 1 in terms of 
M, and the final column gives a 2-subgroup S of G such that G{S) — \. 

We shall prove that Out(G) has order at most what is listed, and cite the 
constructions of nontrivial outer automorphisms. Occasionally we get an induc- 
tive benefit from our treating all twenty-six groups together. 

We make use of the charts of local structure of the sporadic groups found in 
[To] , mainly for centralizers of involutions but occasionally for elements of other 
small prime orders. The calculations for that information can be made without 
any use of upper bounds on the size of the automorphism group. 

2 Useful Folklore 

Lemma 2.1. Let X he a group and set Q ~ F*{X). Then the following condi- 
tions hold: 

(a) 7r{GAut(x){Q))QAF{X)). 

(b) If Q is a p-group and P £ Sylp(G), then CAut{x)iP) = Aut2(p)(X). 

(c) Suppose that Q is an abelian p-group and II^{X/Q,Q) = 1. Then we have 

CAut(X)(Q) = AutQ(X). 

(d) Suppose that Q is an extraspecial p-group andX/QX^°°^ is a p' -group. Then 
CAni{x){QlZ{Q)) = AutQ(X) and CAut(x){Q) = Autz(Q){X). 

(e) // Q is an abelian or extraspecial p-group and the image of Autjc (Q) in 
Out((5) is a self-normalizing subgroup ofOut{Q), then 

Aut{X) = Inn(X)(CAut(x)WQ) nCAut(X)(Q)). 

Proof. In each case we choose some a g Ant(X) and argue in the semidirect 
product 

H = X{a). 

In (a), let a be any p-element of Cx{F* {X)) for some prime p, and define W = 
(a) Z{F{X)). Then W is abelian. By the F*-Theorem, W = {aGx{F*{X))) = 
Ch{F*(X)) < H. Hence WF*(X) = F*{H) and W = Z{F*{H)). As p does 
not divide |F(Ar)|, (a) = Op{W) <i iJ, so a = 1 as an automorphism of X. 
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For (b) and (c), set Q = Op{X) and choose any a such that [a,Q] — 1. 
Then Ch{Q) = Z{Q){a) < H. In particular [a,X] < Cx{Q) = Z{Q). The 
mapping f : X ^ Z{Q) taking x i-^ [x,a] is a 1-cocycle in Z^{X,Z{Q)). 
Then / is cohomologicany trivial. This holds by hypothesis in (c), and in (b) 
because / vanishes identically on P and the restriction mapping {X, Z{Q)) 
H^{P, Z{Q)) is injective, P being a Sylow p-subgroup of X. Therefore there is 
z G Z{Q) such that [a;, a] = [x, z\ for all x & X. Then a is conjugation by x. In 
(b), the hypothesis implies that x G Z{P). Thus (b) and (c) hold. 

For (d), choose any a such that [a,Q] < Z{Q) and set H = H/Z{Q). By 
(a), a is a p-element. Since Q is extraspecial, a induces an inner automorphism 
on Q, and hence Ch{Q) contains an element (3 £ Qa. We set 

Zi = Z{Q) = iP) CxiQ) = Ch{Q) < H. 

We have [X,Z{\ < X r\ Zi = Z{Q). Let Y = X'^°°\ Then [Y,Zi,Y] < 
[Z{Q),Y] = 1 so [Y,Zi] = 1. Therefore Ch{Zi) contains QY, so by as- 
sumption H/Ch{Zi) is a p'-group. Hence either Zi is cyclic or we may write 
Zi = Z{Q) X (7) with (7) < H, for some 7 G Z{Q)I3 C Qa. In the latter 
case (7} n X = 1, so 7 G Z{H); in the former case H centralizes Zi/^{Zi) so 
centralizes Zi. Thus in any case 7 G Z{H), so a G QZ{H) and the result holds. 

Finally in (e), let A = kvX(X). We have X/Z{Q) <i Na{X)/Z(Q), so the self- 
normahzing hypothesis forces Na{X) = XCa{Q)^ and [Ca{Q)tX] < Cx{Q) < 
Q. The resuh follows. □ 

Corollary 2.2. Suppose that G is simple of characteristic p-type. Let P G 
Sylp(G). // a G CAut{G)iP) '^^'^ nontrivial p' -element, then Cg(q;) is 

strongly p-embedded in G. If p = 2, then CAut{G)iP) ^ P- 

Proof. For any 1 7^ i? < P such iVp(i?) G SylpiNaiR)), [a, R] = 1 and 
so a normalizes Ng{R), centralizing the Sylow p-subgroup Np{R). Hence 
[a, Ng{R)] = 1 by Lemma [2. lb . This has two consequences: first, normalizers 
of every extremal subgroup of P lie in Cg{o:); second, by Alperin's Theorem, 
Ccice) controls strong G-fusion in R. Together these imply that Ccict) contains 
Ng{R) for all 1 7^ i? < P, proving the first statement. If p = 2, then by the 
Bender-Suzuki theorem, G is a Bender group. In this case it is well-known that 

C'AutioiP) < P- □ 

Lemma 2.3. Let G be a simple group and T G Syl2(G). Suppose that 

(a) Z := Z{T) = {z) ^ Z^. 

(b) F*{Cg{Z)) is a 2-group. 

(c) There isU <T such that U = E22 and U* C z^ . 

Let a G Ca{T). Then one of the groups W — Ccict), W = Cciaz) contains 
{Cg{Z), Ng{U)) and satisfies the conditions 

(1) 02'{W) = Z{W) ^ 1, and 
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(2) Cg{Z) < W. 



Moreover if Cg{Z) is a maximal subgroup of G, or if G is characterized 
among all finite groups by the conditions (1) and (2) and the isomorphism type 
ofCaiZ), then CAutiG){T) = Ant z{G) < Inii(G). 

Proof. The importance of such groups U was made clear in the A^-group paper 
of Thompson [32]. Set To Ct{U), so that |T : To| = 2 as [/ ^ Z{T). 
If m2{Z{To)) > 2, then Cz{To){T /Tq) is noncychc and hes in Z, which is a 
contradiction. So m2(Z(To)) = 2 and C/ = Vti{Z{To)) char Tq. For any u e U* , 
expand Tq to r„ e Syl2(CG(u)). Since u e , Tu £ SylaCG) and AutT„(C^) 
contains the unique involution of Aut([/) fixing u. But u was arbitrary, so 
AutG(C^) — Aut(f7). By a Frattini argument, there is a 3-element of Ng{Tu) 
acting nontrivially on U. So Ng{Tu) ^ Cg(^). 

Since i^*(CG(^)) is a 2-group and Z <U, F*{Gg{U)) = F*(Ccg(z)(C/)) is 
a 2-group as well (5.12 of [10]). By Lemma [2.1b applied to both X = Cg(Z) 
and X — Ng{Tu), a centralizes Cg{Z) and acts on Ng{To) as conjugation by 
1 or z. Replacing a by az if necessary, we may assume that [a^ Ng{Tu)] = 1, 
whence 

W := CG{a) > Cg{Z). 

If 02'{W) ^ 1, then Y := Co^,(w){'u) 7^ 1 for some u E . Conjugating by 
an element of A^g(C^), we get Co^,(w){z) ^ 1- But Co^,{w){z) < 02'{Gw{z)) = 
02'{Cg{Z)) = 1, contradiction. Thus O^^W) = 1. Finally if Z{W) ^ 1, 
it follows that Z{W) n T ^ 1, so Z{T) < Z(W) and W < Cg{Z), again a 
contradiction. Therefore Z{W) — 1, completing the proof of (1) and (2). The 
final statement is an immediate consequence. □ 

Lemma 2.4. Suppose that G acts on the set U,, and let a G 51. Suppose that 

(a) G acts faithfully and primitively on VL; 

(b) Ga acts faithfully and primitively on some Ga-orbit ^' on fl — {o^}/ 

(c) ^ is the unique Ga-orbit of length \^\; 

(d) One of the following holds: 

(1) Conditions (b) and (c) hold for all Ga-orbits on — {a}; or 

(2) For all ;3 G CAut(G„) (G„/j) = 1; and 

(e) Ga is not cyclic. 
Then GAut(G){Ga) = 1- 

Proof. Let a G C'Aut(G)(G'Q), and set H = G (a), the semidirect product. Then 
H acts on with Ha — Ga x (a). By (c), a stabilizes ^. Suppose that 
a 4-*7^ 1. By (b), Ga is faithful and primitive on 5*. Since [a, Gq] = 1, it 
follows that (a) is of prime order and transitive on ^P. But then Ga embeds in 
Gs^(a Iqi) = {a 4.>i,), which contradicts (e). Therefore a \.^= 1*. If (dl) holds, 
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then the same argument shows that a fixes Q. pointwise, whence a = 1. On the 
other hand if (d2) holds, then for any /? G a fixes /3 so a acts on Gp, and 
(d2) gives [a, Gp] = 1. In this case Gaia) contains (Ga, G/j), which equals G by 
(a), and again a = 1. □ 

Lemma 2.5 (cf. [1 ). Suppose that V is an FpG-module. Let x ^ G he a p' - 

element such that Cv{x) — 0. Put a graph structure on by joining x and y if 
and only if {x) and (y) normalize each other. Let G he the connected component 
of X. Lf G normalizes G, or if G = {GG{y)\y G G), or if x G Op'(G), then 
H^{G,V) IS trivial. 

Proof. It suffices to show that if W is an FpG-module containing V with 
diuvW = dimF + 1 and G centralizing W/V, then W ® Gw{G). Since x 
is a p'-element and Gv{x) — 0. we have W — V ® Wy for each y € G, where we 
set Wy — Gw{y)- Then whenever y, z € G are connected, z normalizes Wy and 
so Wy = Wz. Hence Wy — Wx for all y G G. Hence Wx is normalized and then 
centralized by NdG), as well as by {Nciiy)) \ y e G). Obviously G C NdG) 
so the result follows. □ 

Corollary 2.6. Let G = Fi or G02. Let z be a 2-central involution of G, 
G = Gg{z), and Q = 02(G). Then H^(C/Q,Q/ (z)) is trivial. Consequently, 
with Lemma\2Jh, GAut{c){T) = 1, .for T £ SylalG). 

Proof Set Hz = Gg{z)/02{Gg{z)) and ^ 02{Gg{z))/ (z). In these cases, 
{GGiz)/02iGG{z)),dimV) = (Goi,24) or {Spe{2),8) and V = A/2A or the 
spin module, respectively. In either case Hz possesses an element x of order 3 
such that Gy(x) is trivial. We let G be the connected component as defined in 
Lemma [231 and N — Nh,{G). By Lemma suffices to prove that N = Hz. 

If G = G02, then dim([a;, Kiat]) = 2 for the natural 6-dimensional module 
Vnat for Sp6{2). But in that case x has an H^-conjugate y such that [x, Vnat] -L 
[y,Vnat], and then N > (G^ Jx), G^, (y)) > {E{GHAx)),E{CHAy))) = Hz, as 
required. 

If G = Fi, then Hz = Goi and NhA{x)) ^ 3Suz2, and there is P G 
Syl3(i?^) such that A J{P) 9i E36, x e A = Gh, (A), and Antn, (A) ^ 2Mi2. 
Moreover, NhA^) ^ NhA{x)) ^ Z2 x M^. Since {x^"-^^^) = A is abelian, 
NhA^) < Indeed NhA^o) < N for any Aq < A such that Gn A ^ 0. Such 
an Ao of order 9 exists with 0^{Ng{Aq)) = 0^{GG{a)) = 3^UA3) for every 
aeAf-GflU\ Table 5.31]. We fix Aq. Then for all a G Af , either (a) G G or 
^0 < NnAia))- Hence setting F = (^NhA{<^)) I a ^ we have T < N. We 

also fix a G v4o — G. 

We choose any elements Xi G 0'^{GhA°')) — 3^J74(3) of order i for i — 5,7. 
Then Gn^ixi) contains Aq, and hence exactly four elements of G. Therefore 
X5 and xr are of class 5B and 7B, respectively [lOl Table 5.31], and it follows 
quickly that Nh^{{x),-) <T < N. Next, let t G Hz be any 2-central involution 
centralizing any element c G G; such elements exist, with Gn^ict) an extension 
of 2\A'^ by f7g (2) and G//^(t) an extension of 2^^+* by 0+(2). Thus there is a 
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conjugate c' G c^"- of c such that [c, c'] = 1 and C^^ [t) < {Ch, (c), C^^ (c'))- 
Hence C^^ (t) < T < A^. 

Now TV > Nh, {X) for X ^ A, (x^) , (xy) , and (t), as well as (c) for any c G C. 
Together these imply that \Hz : N\ divides 5-23. But also \Hz : N\ = 1 mod 33, 
since N > N{A) > N{P) and Sylow 11-normalizers of Nq (x) < N are Sylow 
11-normalizers in G. Therefore \Hz : = 1 and the proof is complete. □ 

3 Group by Group Calculations 



G = Mil 15, 

Since G is sharply quadruply transitive on 11 letters, the stabilizer Gap of 
two points is sharply doubly transitive - i.e., a Frobenius group - of order 9.8. 
Then M :— A^g(Gq^) satisfies \M\ = 2\Ga\ and M is easily seen to be a Sylow 
3-normalizer in G. Since \G : M\ has no nontrivial divisors that are congruent 
to 1 (mod 3), M is maximal in G. By a Frattini argument, 

N{M). 

M is complete (Aut(i\f) = Inn(Af) = M) so NaiM) = MCg{M) and 

N{M) = C{M). 

Since T < M, Ca(M) < Ca{T). Let a G Ca{M). Then a maps into 
CAut{C)iT). But Gg{Z) ^ GL2{S). By Lemma Od, a centralizes CaiZ). 
Since M is maximal in G, G = {Gg{Z), M) is centralized by a, so a = 1, 
proving that 

G(M) = 1. □ 



G Mi2 [5^ 

We show first that G has at most two conjugacy classes of Afn-subgroups. 

Suppose that H and K are nonconjugate A/n-subgroups of G. Then K has 
no fixed point on G/H . Since \G : H\ — \G : K\ — 12 and K has an element 
of order 11, HK ^ G. Therefore \K : H n K\ ^ 12. Consequently H and K 
share no Sylow 3-subgroup. We have proved that Mn-subgroups of G sharing a 
Sylow 3-subgroup are conjugate, as are any two Mn-subgroups whose product 
is not G. 

Now H has a Sylow 3-subgroup of order 3^, all of whose nonidentity elements 
are fused in H. But in G, which has a Sylow 3-subgroup of type 3""^+^, there are 
at most 2 (exactly two, in fact) conjugacy classes of subgroups of order 3^ all of 
whose nonidentity elements are fused in G. By the previous paragraph, there 
are at most two conjugacy classes of Mu subgroups in G. Thus 

\A:N{M)\ < 2. 
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Since M ~ Mu and we have just seen that Out(Afii) = 1, 

N{M) ^ C{M). 

M is doubly transitive, hence primitive, on G/M — {Af}. By Lemma [2]4l^dl), 

C{M) = 1. 

Finally, for any a G C{T), Tm < MD M", whence \M : M D M"| is odd. By 
the second paragraph, M" is G-conjugate to M. Thus, a e GNa{M), and so 

C{T) < N{M) = C{M) = 1. □ 

Existence note: A subgroup H = A/i2-2 with F*{H) = M12 is visible in M24 
as the stabilizer of a decomposition of the underlying 24-element set into two 
complementary dodecads of the Golay code, proving that the bound |^| < 2 is 
sharp and exhibiting both of the quasi-equivalent transitive actions of M12 on 
12 points [5. 



G ^ M22 [5^ 

Since M24 is quintuply transitive on 24 points and preserves a Steiner system 
5(5,8, 24), its three-point stabilizer M21 is doubly transitive on 22 points and 
preserves a Steiner system S{2, 5, 21), i.e. the projective plane of order 4. 

The maximal parabolic subgroup P = M20 = ASL2{4:) of M21 = ^3(4) 
has no faithful permutation representation of degree less than 16. (A point 
stabihzer would satisfy 1 < 02{P) Ci Pa < 02{P) so would be reducible on 
02{P), contain no element of order 5, then be of index 10; but 3-elements of 
P leave no hyperplane of 02{P) invariant.) As a result, if M21 acts on any set 
of cardinality 22, it must be transitive or have a fixed point; the latter must 
in fact hold since 11 does not divide |M2i|. Consequently all M2i-subgroups of 
M22 are Af22-conjugate and 

A = N{M). 

As Out(M) is rather large ~ of order 12 - we bring other subgroups to bear as 
well. M has exactly two conjugacy classes of (maximal parabolic) subgroups 
isomorphic to represented by Nq and A^i, say, and such that if we put 

= 02{N,), then Ng{Qo)/Qo = Aq and NGiQi)/Qi ^ Ss- Therefore Qo and 
Qi are not A-conjugate. Thus if we set Nq^ = Na{M) n Na{Qo), we have 

N{M) = Nq, and AutG(Qo) = ^6- 

Set Cqo = C'wqq(Qo) and B = AutG((5o)AutArQ^ (Qo)- As G < A, we have 
AutG(Qo) < B. This force£0 \B : AutG(Qo)| < 2. Moreover B/AutciQo) = 

Nqo/Cqo,so 

\NqJCq,\<2. 

lAut(Qo) = GL4(2) ^ As- Then Aut(Qo) and AutG(Qo) = ^6 share a Sylow 3-subgroup 
P. One calculates | Af^utg (Qq) (f") : ^"1 = 4 and |-'VA.ut((3o) (^) • -P| = 8- By a Frattini argument 
B < AntGiQo)NAut(Qo)iP), so \B : AutcCQo)! < \NAut(Qo)iP) ■ NAuta{Qo)(P)\ = 2- 
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But Aut(M) = PTL^^A) (r), where t : D ^ {D'^)~^ for projective images 
£> of 3 X 3 matrices. By a direct calculation, we see that CAut(M)(Qo) — 1, so 

Cqo = C{M). 

M is doubly transitive, hence primitive, on G/M — {M}. By Lemma [2.41 
(condition (dl) holds), 

C{M) = 1. 

Finally, let /3 e Ca{T). Then /3 centralizes Qq and the other i?2<i -subgroup 
Qi of Tm e Syl2(M). We have Q, = F*{NGiQr)), i = 0,1, so /3 centralizes 
NGiQi)/Qi- Thus /? normalizes every overgroup of in NciQi)- In particular 
/3 normalizes (A^a/(Qo), ^^a/(Qi)) = M. Thus /3 G Cq^ and 

C(T) = Cq„ = C{M) = 1. □ 

Existence note: The setwise stabilizer of a two-point set in the natural action 
of M24 on 24 letters is a group H = Af22.2 with F*(H) — A/22, so the bound 
|Out(M22)| < 2^is sharp. 

Since A = ^Qq, A'^Aut(M22)(^'^) = ^'^ {^)^ where cr is a field automorphism of 
M ^ 2.3(4). Hence AutAf22^((3i)^= AutAut(Af22)(<3i) and 02(A'^Aut(Af22)(<3i) - 
£■25. On the other hand as A^Qo/Cqo has order 2, AutAut(Af22) (Qo) = ^AgCA) = 



G 9:^ M23 M 

Since a Sylow 2-subgroup of M21 has no faithful permutation representation 
of degree less than 16, the same is true for M22. Nor can M22, by its order, act 
transitively on 23 letters. Therefore as in the M22 argument above, any subgroup 
of G isomorphic to M = M22 has a fixed point on G/M, so is conjugate to M, 
and 

A = N{M). 

Let Qi < M, i = 0, 1, be the same subgroups as in the Af22 analysis, so 
that N, := Nm{Q,) satisfies F*{Ni) = Q,, Nq/Qq ^ Aq, and Ni/Qi = S5. 
Then N* := NM2-AQi) satisfies F*{N*) = Qi and AutA-/23 (Qi) = Ar or Eg 
according as z = or 1. Since any subgroup of Aut((5o) — ^8 isomorphic to Aj 
is self-normalizing in Ag, and AutA/23('3o) ^ Aut/i((5o)i we have Auty!i((5o) = 
AutoiQa)- But we saw in the A/22 analysis that AutAut(Af22) (Qo) — which 
does not embed in Aj. Consequently AutA(A/) — Inn(A/), so 

N{M) = C{M). 

M is doubly transitive, hence primitive, on G/M — {A/}. By Lemma [2.41 
(condition (dl) holds), 

C{M) = 1. □ 



G ^ M24 15, 
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Let a € A and H = M", and suppose by way of contradiction that H is 
not G-conjugate to M. Fix a series G > M = M23 > M22 > M21 > M20 and 
let Hn = H n M„, n = 20,21,22,23. We claim that |M„ : i/„| = 24 for each 
such n. It is sufficient to show by descending induction that Hn is transitive 
on Mn/Mn-i for n > 21. Since H has no fixed points on G/M and contains 
an element of order 23, the claim holds for n = 24. For other values of n, the 
orbit lengths of Hn on M„/M„_i are restricted by the conditions Hn, n > 21, 
contains elements Qp of ordersp = 5, 7, 11, and 23, with 4, 3, 2, and 1 fixed points 
respectively on G/M. Thus, 523 implies transitivity for n = 23; 511 and gj for 
n = 22; and g^ and 55 for n = 21. Now M20 = yl5i2(4) and |Af2o : i?2o| = 24. 
But no such subgroup H20 of M20 exists; we would have i?20 n02(M2o) 7^ 1 and 
5 divides \H2o\, whence 02(-^2o) < -^20 and \M2o : i?2o| = 12, contradiction. 

Therefore is G-conjugate to M , and 

A = 7V(M). 

Since Out(M) = 1, 

N{M) = G(M). 

M is doubly transitive, hence primitive, on G/M — {M}. By Lemma [2.41 
(condition (dl) holds), 

G(M) = 1. □ 

G = HS ^18j 

Let a G Aut(G), set H — M", and assume that H is not G-conjugate to M . 

G is a rank 3 permutation group on ill, and the Af-orbits on G/M — {A/} 
are of orders 22 and 77. Since 1 -f 22 does not divide |G : Af| = 100, this 
action of G on 100 points is primitive. Elements of H of order 7 or 11 have 
G-conjugates gr^gn G Af by Sylow's Theorem. Then gi has one fixed point 
on the 22-orbit and none on the 77-orbit; gn has no fixed points on either of 
these orbits. Hence gj and gn fix two and one points, respectively, of G/M. 
Therefore there is an i7-orbit 'J on G/M such that j^*! = 1 (mod 1)1. Since 
\^\ divides \H\ and l^"] = 0, 1, or 2 (mod 7), the only possibility is l^*] = 56. 

However, A^22 bas no transitive action of degree 56. For if it did, then a 
point stabilizer K in A'/22 would have order 2^.3^.5.11 and contain a Sylow p- 
normalizer of M22 for both p = b and p = 11. Hence for any g g A/22 — K, 
Kq :— K D would have order dividing, and then equaling, 2*. 3^. No 3- local 
subgroup of Af22 contains a group of order 16, so F*{Ko) — 02{Ko), and the 
only possibility admitting a group of order 9 is ©2(^0) — -E'24. Therefore K, 
and K D M21, would have elementary abelian Sylow 2-subgroups. But since 11 
divides \K\, \K n Af2i| = 2°. 3^.5, where a = 3 or 4. No such subgroup of Ar2i 
exists apart from Aq, which has nonabelian Sylow 2-subgroups. 

Therefore we have a contradiction, and 

1= iV(Af). 
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As M ^ M22, 

N{M)/C{M) < Out(A/) ~ Z2. 

We have seen that C'Aut(M22)(-^2i) = 1, and the action of Al on the 22-orbit is 
primitive. Hence condition (d2) of Lemma 12.41 holds, and so 

C{M) = 1. 

Finally let /? G Ca[T). Let Qo,Qi < be as in the Af22-analysis. Since 
m2{G) = 4 (visible from the 4'^L3(2) 2-local subgroup), and NG{Qi), like 
NniQi), is irreducible on Qi, we have Qi = rii(02(^^G(Qi)))- Since NM{Qi) 
contains an element of order 5, either 02{NG{Qi)) = Qi or |02(-^g(<3i))I — 2^- 
But |r| = 29 and |A^a/(0«)/Q»| = 2^, so = 02(iVG(Q<))- By Lemma 
12.11 ;. a centralizes NG{Qi)/Qi, so normalizes NM{Qi), i = 0, 1. As M =< 
Nm{Qo),Nm{Qi) >, a normalizes M. By the M22 analysis, [a, Af] = 1. Hence 
Caia) > {M,T) = G, a = 1, and 

C{T) ==1. □ 

Existence note: The original construction of HS [18] constructed a group X 
with F*(A:) = iJS" and \X : F*(A:)| = 2. The full automorphism group also 
appears as CfsC^)/ (t) for certain involutions t G F5. (The group 02(CAut(F5) (0) 
is cyclic of order 4.) 



G^^^ Ji [ID] 

As T G Syl2(G), a Frattini argument gives 

A = N{M). 

Since M = AfG(T') is complete, 

N{M) = C{M). 

Let a e Cy!i(A'f). For any involution x G Af, Cm{x) = Z2 x A4, so the action 
of a on CG(a;) = ^2X^5 lies in CAutCZaxAs) (^2 x ^4) = 1- Therefore a 
centralizes H := (7VG(r), GG(a:) | a; G T*). By the Bender-Suzuki Theorem, G 
has no strongly embedded subgroup. But H is strongly embedded in G unless 
H = G, which must therefore be the case. Then a — 1 and 

C{M) = 1. □ 



J2, J3 [nKiadi 

For both G = J2 and G = J3, M = Cg{Z) ^ 2]_+^n^{2) = Cg{Z). As Z is 
a Sylow center, ^ ^ 

A = A^(Af). 
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We have F = F*{M) = C>2(M). By Lemma [23J1, Na{M) n CAiF) = Ca(M). 
Therefore as Out(F) = O4 (2), 



N{M)/C{M) < Out(f )/fl4 (2) = Z2. 



Finally, all subgroups of F of order 2 are G-conjugate to Z. By a standard 
result on p-groups (10.11 of [9 ), there 

\s U ^ E22 such that U < F and U < T. Thus Lemma 12.31 applies to give its 
conclusions (1) and (2). Moreover, in [21], Z. Janko characterized the orders of 
the two groups J2 and J3 (and much more) by those conclusions (1) and (2), 
and the structure of C{Z). Although two groups emerge, neither of J2 and J3 
contains the other, by Lagrange's Theorem. Hence W = G in the language of 
Lemma [2.31 and so 



Existence note: Constructions of J2, e.g. as a rank 3 permutation group |13j . 
and of J3 |19j . construct a non-inner automorphism as well. Aut(J2) is visible in 
a number of groups, for example as the fixed points of a non-inner automorphism 
of Suz. As a pariah, J3 is not obviously on view elsewhere, and as proved by 
Griess is not involved in Fi. 



G is of characteristic 2 type, and Z{T) is cyclic. Therefore as M — [C, C], 



02{G)/Z = i?2i2 is an absolutely irreducible (faithful) 6-dimensional module 
for C>2(C)/02(C) ^ 3M22 over F4. Therefore Autc(02(C)) is self-normalizing 
in Aut(02(C')). By Lemma [^TTb .d applied to C, M, respectively. 



Let a £ C(M) be of prime order p. If p is odd then [a, C] = 1 by Lemma 
12.1b , and then Corollary 12.21 gives a contradiction. So p = 2. Choose x G 
C of order 11 and let N = Ng{{x)). Then R := F*{N) ^ 11^+2 and N n 
02,3 (M) = 5X2(3) is absolutely irreducible on R. Therefore a centralizes or 
inverts R/^{R). Replacing a by az if necessary we may assume that [a,i?] = 
1, whence N < H := Ccict) by Lemma l2.1b .. As M < H, we now have 
|G : H\ dividing 2.23.29.31.37.43. Moreover by Corollary[23 H is strongly 11- 
embedded in G, whence \G : H\ = 1 (mod 11"^). These conditions imply that 
|G:iJ| = l, so 



C{M) < C{T) = 1. 



□ 



J4 




A = N{G) = N{M). 



N{C) < G{M). 



G{M) = 1. 



□ 



G ^ coi m 
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The action of G = Coi on the Leech lattice A gives an absolutely irreducible 
embedding G < PSL2i{Z) < PGL24(Q)- We identify Coi with its image. 
This is the only complex irreducible projective representation of G of degree 
at most 24. Therefore any automorphism a G A is realized as conjugation by 
some element a G -^Gi24(Q) (G)- Let V = Q^"*, and let A C 1/ be a copy of the 
Leech lattice invariant under Goq = 2Goi. Then QA = V, and we may consider 
a € GL{V). Hence A° C V, and A/A°nA is finite and Coo-invariant. However, 
the representation of Coq on A has the property that it remains irreducible 
(mod p) for every prime p, i.e., Coq is irreducible on A/pA for every prime p. It 
follows that A° n A = nA for some integer n, and similarly A° n A = mA° for 
some TO. Therefore modifying a by a rational scalar we may achieve A" = A. 
By absolute irreducibility there is a unique bilinear symmetric nondegenerate 
rational G-invariant form / on A, up to scalars, and there is a unique one which 
is unimodular on A. Therefore a preserves /, whence a G Aut(A), which by 
definition is Goq. Therefore 



G = C02 1^1 

The action of M/02{M) = Spg{2) makes the Frattini quotient of 02(M) 
the spin module, which is absolutely irreducible. By CoroUarv 12.61 and Lemma 

A = N{M) = C{M) = C{T), 

It remains to show that C{M) = 1. Let a £ C{M) be of prime order p. 
As G is of characteristic 2 type, p = 2 by Corollary 12.21 Let i S T be an 
involution in class 2B, and extremal in T. Then F*{CGit)) = 02{CG{t)), and 
Z{02{CG{t))) is the direct product of a trivial module and a natural module for 
CG{t)/02iCG{t)) = As. Hence Z{CT{t)) = {t)Z. By LemmaEIb, a IcgWG 
Aut2(Cy(t))(GG(i)) — AvAt^z){CG{t))- Replacing a by az if necessary we may 
assume that H := Gg(q;) contains {C,GG{t)). The subgroups of G and CG{t) 
of order 5 are not G-conjugate so a Sylow 5-subgroup _F of _ff is not cyclic. In 
particular some x G iJ of order 5 is 5-central in G. But R := F* {Cg{x)) = 
05{Gg{x)) = 5^+^. Since [a,F] = 1 and a has order 2, [a,R] = 1 and then 
NgUx)) < H. Thus, |G : H\ divides 3"*. 11.23 and \G:H\ = l (mod 5^.7). The 
last holds because G is strongly 7-embedded in G and because (x) is weakly 
closed with Ng{{x)) < H, with R ^ 5^+2. But there are no such numbers 
|G : iJ| > 1, so = G and 

G(M) = 1. □ 



G ^ C03 H 

In G03 there are two classes of involutions, with centralizers M — 2Spe{2) 
and Ml = Z2 x M12, which we may assume are chosen so that T G Syl2(M) and 
TYi := T n Ml G Syl2(Mi). In particular there is a unique class of 2-central 
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involutions. Since Spe{2) is complete, 

A = N{M) = C{M). 

Let a e C{T). Then a normalizes M — Cg{Z), and so acts on AI like an 
element of Z{T), as T/Z is self-centralizing in the C/iew (2)-group M/Z. But 
Z(T) = Z < Z(M), so C(T) = C(M). 

Now a acts on Mi and a centralizes Ti . The restriction of a to AIi therefore 
lies in CAut(Mi) (T^i) = Aut2(Mi), as we have seen in the Mi2-case. Replacing a 
by az, where Z — (z), we may assume that [a, Mi] — 1. Set H = Ccia)- Thus 
{M, Ml) < H. There is R < G such that R = Cg{R) = E35 and NdR) = RL, 
L = Z2X Mil. Replacing i? by a conjugate we may assume that L < Mi. Then 
any involution z G L is Mi-conjugate to z, so H > (Coit) \ t G L, = 1 ^ t) > 
R. Also M and Mi have non-conjugate Sylow 5-subgroups so 5^ divides \H\. As 
|M|, |Mi|, and \RL\ divide \G : H\ divides 5.23 = 115. But R = J{P) for 
P e Syl3(G), so |G : F| = 1 (mod 3). If a 7^ 1 it follows that \G : H\ ^ 5.23. 
But a acts on W :— Oz{Cg{x)) for x ^ M oi order 5, and W = 5^+^, with 
\Cw{a)\ = \H^W\ = 52, Cg{W) = Z(W), and iVG(VF)/l^ of order 48 and 
irreducible on W/Z{W). On the one hand, |CvF(a)| = \H nW\ ^ 5'^ forces a 
to be a 5-element. Then on the other hand, a centralizes Ng{W) /W , which 
is irreducible on W/Z{W) and so cannot normalize Cw{oi), a contradiction. 
Therefore a = 1 and so 

C{M) = 1 = C{T). U 



G ^ Mc 25 

M = Cg(^) so 

A = N{M). 

M ^ 2^8 so 

\N{M)/G{M)\ < |Out(M)| = 2. 

Let a e Ca(M). Choose any Q < T such thatQ = and Nt{Q) S 
Syl2(A^G(Q))- Then a normalizes Q and Ng{Q), and AutclQ) — ^7- Since 
^7 is maimal in Aut{Q) = Ag, and since 77^(^7, Q) = 1, Lemma l2.1b im- 
plies that [a,NGiQ)] 1. Therefore Gcia) contains {M,Ng{Q)) > M. But 
(M, Ng{Q)) = G, so a = 1 and 

G(M) = 1. □ 

Existence note: Aut(Afc) is visible in Goi as the stabilizer -223 of a certain 
triangle in the Leech lattice [6]. It is also visible in Ly as NLy{V) /V ior a certain 
subgroup V < Ly of order 3 [Mj . 



G^O'N [Sg EOl El [23] 

Since M ^ Gg{Z), 

A = N{M). 
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Also |Out(M)I = 4 and |Aut(M) : AutG(M)| = 2, so 



N{M)/C{M) < Out(M)/OutG(M) = ^2- 

We have T < M. Let a £ Ca(M) < CaIT) and set C„ = CG(a). There 
is Ml < G such that T < Mi and F*{Mi) ^ Z4 x Z4 x Z^. By Lemma Od, 
[a, Ml] = 1. 

We claim that Coit) < Cq for every involution i G Cq. To do this it is 
enough to consider only those t G T. Since Mi = [Mi, Mi], we have O^(Cq) = 
Ca, and so by the Thompson Transfer Lemma (15.16 of [TO]), t has a Co- 
conjugate in E{C) = 4Ls{4). Then as ^3(4) has only one class of involutions, t 
is Ca-conjugate into 02(Mi), and then Ca-conjugate to z G Z. As Cg(z) < Ca, 
the claim is proved. By the Bender-Suzuki Theorem, Ca = G, so a = 1 and we 
have proved 

C{T) < C{M) = 1. □ 

Existence note: Sims j30j constructed O' N together with a non-inner automor- 
phism. See also [2|[23]. 



G = Suz [31^ 

G is a rank 3 permutation group of degree 1782 = 2.3^.11 with point stabi- 
lizer M = G2(4). The subdegrees (M-orbitlengths) are 1 + 1365-1-416, with the 
two-point stabilizer corresponding to the 416 suborbit being isomorphic to J2. 
The 1365-orbit stabilizer in M is a maximal parabolic subgroup P of M. This 
action of G is primitive as 417 does not divide 1782. 

Tm := ill n T = Ct{U) where U is the uniquel normal four-subgroup of 
T. Nm{U) = 0^{Ng{U)). So a ^ GNa{T) and Ng{T) normalizes NaiU) 
and Nm{U). Let /3 e Na{U). If M'^ 7^ M, then M n M^ = Nm{U), which 
is a maximal parabolic subgroup of M. Hence has an orbit of length \M : 
Nm{U)\ = 1365 on G/M. The remaining 417 points fall into one or two orbits 
since G has rank 3 on both G/M and G/M^ . The length of any nontrivial orbit 
of M^ of odd degree is a multiple of the index 1365 of any maximal parabolic 
subgroup of M, by Tits's Lemma. Therefore M^ has a fixed point on G/M, 
and so is G-conjugate to M. So 

A = N{M). 

Obviously ^ ^ 

N{M)/C{M) < Out(G2(4)) = Z2. 

Out(M) is generated by the image of a field automorphism, and it follows 
easily that GAut(M)(-P) = 1- Hence Lemma 12.41 applies, with condition (d2) 
holding, and we conclude that 

G(M) = 1. 

^Uniqueness is visible in Cg(Z) S 2]:^^0^{2). 
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Finally, we claim that the two maximal parabolic subgroups P and Pi of M 
containing Tu are CA(T')-invariant. We have P = Nm{U) with U the unique 
normal four-subgroup of T, and by a standard commutator computation in Tjj, 
Pi = Nm{Qi) where Qi = Z2{Tu). As Tu = Ct{U), both X NaiU) and 
Xi A^g((3i) contain T. Also Z < U H Qi, so since F*(C) = 02(C), it 
follows that Qo :^ F*{X) ^ 02{X) andQi -.^ F*{Xi) = 02(^:1). Therefore by 
Lemma l2.H 3. a normalizes any overgroup of Qo in X as well as any overgroup of 
Qi in Xi. Hence to prove the claim, it is enough to show that Qi < Tjj, i = 0,1, 
for then Qo < P and Qi < Pi. Now for i = and i, Z < Z{T) < Z{Q,) and 
for a Cartan subgroup H of Nm{Tu), U = {Z^^ < Z{Qi), whence Qi < Tu, as 
desired, proving the claim. Therefore Ca{T) normalizes {P, Pi) = M , and then 
acts on M as a subgroup of Cx\xt{M){Tu) = Autc/(-M"). Hence 

C{T) < C{M) = 1. □ 

Existence note: In H = Coi, there is a subgroup Y of order 3 such that 
F*{Y) = 2,Suz and \Y : F*{Y)\ = 2, so the bound \ A\ < 2 is sharp. 



G = He HH [T7] 

Here M G Sylg (G) with M = £^52 . By a Frattini argument 

A^N{M). 

Moreover AutG(A^) = SL2{i) * Z^, so that Z(Aut(M)) < AutG(A^) and the 
image / of AutG(Af) in Aut(M)/Z(Aut(M)) = PGL2[h) is isomorphic to 
^2(3) = A4. As AutG(M) < AutA(M), we get 

N{M)IC{M) < iVA„t(M)/Z(Aut(M))(/)// = Z2. 

By Lemma [TTb applied to X = Ng{M), 

C{M) = C{Ng{M)). 

Now let a G Ca(A^g(M)) and set Gq = GG(a). For any u e M* , E^ := 
E{Cg{u)) = A5 and ME^ < Ng{{u)). Then Ne^M n E,,) < Ng{M) < Gq. 
But GAut(iJ„)(A^BjM)) = 1, so Eu < Go, and then NgUu)) < {Eu,M) < Gq. 
Hence either Go = G or Gq is strongly 5-embedded in G. Suppose the latter. 

In G there is a subgroup H = 6*154(4) -2, which we may take to contain M, by 
conjugation, li H ^ Go, then HOGo is strongly embedded in H, contradicting 
the Bender-Suzuki Theorem, p. 20 of [GLS4]. So iJ < Go. 

Let T e Syl2(G) with To := TnH e Sy\2{H). Then ITqI = 2^ so |T : Tol = 2. 
Let S e Syl3(iJ). Then Gg(w) = 3^7 and Ch{v) ^ Z3 x Ar, for ah v e S*. 
So GAut(CG(i'))(CH(^')) = 1 for all such u, whence Gg(w) < Gq. Now |G : Go| 
divides 2.7^ and |G : Go| = 1 (mod 5^), so a = 1 and 

C{Ng{M))=T. 
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Finally suppose that /3 G Ca{T). Now, T is isomorphic to a Sylow 2- 
subgroup of ^5(2). Therefore T has exactly two subgroups Ai,A2 isomorphic 
to E2e. Moreover, Ni := NdAi) satisfies F*{Ni) = At and Ni/Ai ^ SAq; 
and H = {H n Ni, H n N2), as H n Ni and H n N2 contain distinct maximal 
parabolic subgroups of [H,H]. By Lemma [^Tb . 

C{T) < C{M) = 1. □ 
Existence note: Aut(iJe), of order 2.\He\, is visible in a 7-local subgroup of 



G = Ly El [22] 

M — 3Mc2 is the normalizer of a subgroup R of order 3 whose conjugacy 
class is uniquely determined by the isomorphism type of Ng{R)- Moreover, 
Aut(M) = Aut([Af, Af]) so Out (A/) = 1 by the calculation for Mc. Therefore 

A = N{M) = C{M). 

A straightforward analysis of M\G/M ^24j shows that there are five double 
cosets of uniquely determined cardinalities, and M is maximal in G. Let a G 
Ca{M) and take any involution t € M. Then a acts on CG{t) = 2A\\ and 
centralizes Cm(}) = (E x R) (u) where E = 2 As and u is an involution inverting 
R. Therefore Aut(CG(t)) = En and CAut(CG(*)) (^M(i)) ^ ^- Consequently a 
centralizes Cdt). So G = {M.Cait)) < Cda), a = 1, and 

C{M) ^1. □ 



G ^ Ru [281 EH [7] 

By Sylow's Theorem A = C{Z). Let a G Ca{Z) set TV = Af", and suppose 
that N is not G-conjugate to M, i.e., has no fixed points on G/M. In 28 this 
is shown to lead to a character-theoretic contradictior(f| Therefore M"' G M'^ 
and ^ ^ 

A = A^(A'f). 

Since M = ^Fi{2) is complete, 

N{M) = G(Af). 

Let a e GA(A'f) and i? G Syl3(Af), and set E := Cg{Z{R)). Then E ^ SAg. 
But GAut(£;)(-R) = 1 so [a, iJ] = 1. Af is maximal in G since G has rank 3 on 
G/M with subdegrees 1, 1755 and 2304. Also Gm{Z{R)) = SU3{2) so E^M. 
Therefore a — 1 and 

C{M) = 1. 

•^A contradiction is also available by analyzing the orbit lengths oi N on G/M. By con- 
struction \MN/M\ = 1755 and there must be a second orbit of length 1755, the only possibly 
odd length. These orbits account for all fixed points of any 5-element of TV on G/M . Remain- 
ing are 550 points on which a Sylow 5-subgroup of TV acts semiregularly. TV has a subgroup 
TVo = L2{5^), which has no such action on 550 points. 
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Let /3 G Ca{T). We have |Z| = 2 and F*{C) = 02(C), so 13 centralizes C 
by Lemma 12.1b . Likewise there is a unique U <\T with J7 = , and for the 
same reason (3 acts on Na{U) as conjugation by an element of Z . Hence some 
P' G {13, Pz} centralizes {C,Ng{U)). But M = (C n M, A^a/(C/)), these being 
maximal (parabolic) subgroups of M . Therefore 

C{T) = N{M) ^l. □ 



G = Fi22,Fi23,Fi24 ills] 

We include the nonsimple group Fi2i since we use the fact that Out(i^i24) = 
1 in the calculation of Aut(Fi24)- 

We have G = Fin, n = 22, 23, 24. Let M{n) be the corresponding set of 3- 
transpositions. Define Fz2i = C^6(2), also a 3-transposition group with respect 
to M(21), the set of root involutions in Fi2i. We have an exact sequence 
1 ^ (t) M — >■ Fin~i 1 with t an involution in the 3-transposition class. 
Also G has rank 3 on G/M with subdegrees 3510 = 1 + 693 + 2816, 31671 = 
1 + 3510 + 28160, 306936 = 1 + 31671 + 275264. In particular M is maximal in 
G. The class of 3-transpositions is unique so 

A = iV(Af), and N{M)/C{M) < Out(M) 

with Out(Af) = Z2, Z2, and 1, respectively. 

We show inductively that C^(M) = {t). For n — 21, we take M as the 
stabilizer of a root involution, which is a maximal parabolic subgroup in i^i2i = 
Ue{2). Thus Ca{M) = (t) when n = 21 (see 2.6. 5e of of [10]). In general let 
u € M — (t) he a, 3-transposition, 

so that u = for some g ^ G. Let a G Ca{M). Then a centralizes u, acts 
on and centralizes M D = CMs{t). By induction, a acts on / (u) 
like an element of (t). Consequently a centralizes 0^{M^). The same holds 
for at, which also centralizes M . Therefore some element of a {t) centralizes 
(Af, O^(M^)) = G, so a G {t) as claimed. In particular 

C{M) = 1. 

Similarly we show that Ca{,T) < G. Indeed let (3 G Ca{T). Then (3 centralizes 
t, acts on M, and inductively induces an inner automorphism on M/ (t). Hence 
for some x G M, (3' := I3x centralizes M/ (t), so centralizes [M,M] (t) = M. 
Thus i3e I3'G^ G, and 

G(r) = 1. 

Now if G = Fi23, then G has there is also a unique class of involutions v 
such that N := Cg{v) = 22;76(2).2. Observe that V is 2-central in G. Then 
A = N{N), N{N) = C{N) since Out(iV) = 1, and C{N) < C{T) = 1. We 
conclude that \A\ < 2 for n - 22 and A = 1 for n = 23, 24. 

□ 
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Existence note: There is an involution y G such that Cpi' (y) / (y) is an 
extension of ^"122 by a non-inner automorphism. 



G = Fi^4 

Since \Fi2i : Fi'2^\ — 2 and Z{Fi2A) — 1, the image Aq of Fi2A in A is a 
group of order 2. Since Fi2A is complete, as we have just seen, 

lo = A^l(Io). 

Thus \A\/2 is odd. Let a G A with A of odd order, and set Ai = G (a). We 
show that Ai = 1. By Sylow's Theorem, 

A,^{NAAC)r. 

Let Q = F*{C). Then Q = 2^+1^ j^^^j F*{C/Q) ^ 3C/4(3). Then C/Q < 
-^Aut(Q)(03(C/Q)) = rt/6(2), the product of GUe{2) with a graph automor- 
phism. The corresponding 6-dimensional representation of 3C/4(3) over F4 is 
absolutely irreducible, so C/Q is self-centralizing in Aut(Q). As Out(?74(3)) 
is a 2-group and Ai has odd order, AutG(Q) is self-normalizing in AutAi(Q)- 
Therefore 

(NaAC))-^ (CaAC))-^ {CaAT))~ 

as in Lemma [^Tb . We may therefore assume that [a,T] = 1. 

Choose a non-2-central involution t G T such that t is extremal in T. Then 
F := F*{CG{t)) ~ 2Fi22 and a maps into 0^(CAut(F)(T n F)). As T n F G 
Syl2(-F') we conclude from the Fi22-calculation that [a,F] = 1 and then as 
\CG{t):F\^2, [a,CG(<)] = 1. 

Now M Fi23 with Tm e Syl2(M). We have Cpt^AM) = {z) ^ Z2 with 
z ^ Fi24. Also, there exist involutions t,u G Z{Tm) such that CM{t) — 2Fi22 
and Cm{u) = 2'^Ue{2) ■ 2. Then a centralizes < CM{t),CM{u) >, which equals 
M as Cm it) is maximal in M. The suborbits of M on G/M are the same 
as those of Npi^AM) = Z2 x A/ on Fi24/A^Fi24 (M), and in particular M is 
maximal in G. As T ^ M, it follows that a = 1 and 

C{T)^{GAAC)r^l. □ 



G^Fs [UlIIl] 

There exists a unique conjugacy class C3 of elements 51 G G of order 3 such 
that Caig) = (g) x EiCdg)), with EiCcig)) = Ag, and Naiig)) = Ccig) (u), 
with EiCcig)) (u) = Sg. There is an element gi G G3 such that Ccig) < M. 
Choose three disjoint 3-cycles 52,53,34 G i?(GG(5i)). Then A — GNAiigi)) = 
GN, where N stabilizes the set of four subgroups (gi), i = 1,...,4 and so 
normalizes M = {EiCaigi)) 1 1 < « < 4). Thus 

A ^ NiM) and 7V(M)/G(Af) < Out(M) = Z2. 
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Let a 6 Ca{M) and put C = Coia). Let / S M be a 5-cycle. Then a 
centralizes Cm(/) = (/) x H, H = A7. From [gj or Table 5.3w of [H, 
F*{CG{f)) = (/) ^ — ^^3(5). Thus a maps into CAut(7)(-ff): which, however, 
is triviaH Hence C > {M,H). This implies that |G : C| divides 2^3.52.19. 

Now C, like M, contains a subgroup ii^ of order 55. Then 02[Cg{E)) = Z2 
is a- invariant and so lies in C. Hence a Sylow 11-normalizer in C has index 1 
or 2 in a Sylow 11-normalizer in G. Consequently |G : C| = 1 or 2 (mod 11). 
Likewise M contains a Sylow 7-normalizer of G and so |G : C| = 1 (mod 7). 

If a is a 5'-element then it acts on Ng{Z{R)), where R G Syl5(/). But Z{R) 
is a Sylow 5-center in G and F*{Ng{Z{R))) = 5^+'* contains (/) x R with index 
5. Hence a must centralize F* {Ng{Z{R))) and then a centralizes Ng{Z{R)), 
by Lemma [2.1b ,. Thus in this case |G : Gj = 1 (mod 5) as well, and |G : G 
divides 2^3.19. There are no such numbers |G : G| > 1. 

Therefore we may assume that a is a 5-element. Expand Q G Syl3(Af) to 
P e Syl3(G), and let N = Ng{Z{P)). Then |P : Q| = 3 and F* {N)congi^+^ . 
Hence a centralizes F*{N) and then N, by Lemma [2. lb .. Now |G : G| divides 
2^.52.19 and |G : G| = 1 (mod 21), and |G : G| = 1 or 2 (mod 11). Again this 
forces |G : G| = 1, so 

G(M) = 1. □ 

Existence note: The automorphism group A ~ F5.2 is involved in NpiiD), 
where is a subgroup of Fi of order 5 and class 5 A 6 or 5.3z in [TU]. 



G ^ F3 [33] 

Since M = C and T has one class of involutions, 

A = N{M). 

There are subgroups E < D ^ Ng{E) with E = Cg{E) ^ E2^ and D/E = 
Aut{E). 

Then D contains a Sylow 2-subgroup of G and by replacing D by a suit- 
able conjugate we may assume that Z ^ E, D D M/E = 2^.^4(2) and D n 
M/02(M) ^ As = 2.4(2). 

We have F = 02{M) ^ 2^^*. By Lemma l2.1t i. the restriction mapping 
Aut(M) Aut(i^) is injective. Furthermore, since Ag contains a Frobe- 
nius group of order 9.8, M acts absolutely irreducibly on F/Z. Therefore 
Aut(M)/AutF(AZ) embeds in Aut(M/F) = Eg. However, for any a; G M of 
order 3 mapping onto a 3-cycle S G M := M/F = Ag, we have Cf{x) = Z. If 
Aut(M)/AutF(Af) = Eg, then M contains a subgroup (t) x H with t an invo- 
lution inverting x and = E7. Since x is fixed-point-free on F/Z, (i) is free on 

*One way to see this is to observe by groups orders that I = HB, where _B is a Borel 
subgroup of / containing some Sylow 5-subgroup of H. Note that Sylow 2-subgroups of B 
are cyclic so \HB\2 > \B\2- Since a centralizes a 5-element of B, a normalizes B. But then 
B > [a, B] = [a, HB] = [a, I] <\ I, so [a, I] = 1. 
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FjZ and by the A x S-lemma, H acts faithfully on Ci?/z(i) = -^2*; which is im- 
possible as S7 does not embed in ^4(2) = A^. Therefore Aut(M)/AutF(M) = 
Ag and 

7V(M) = C(M). 

We set TV := {C,D) and argue that Cg{u) < N for all involutions u E N, 
whence iV = G by the Bender-Suzuki Theorem (p. 20 of [11]) • Since |G : Cni:»| 
is odd we may assume that u e C Ci D. Suppose first that u ^ F. Then in 
C = C/F ^ Ag, u inverts 3-cycle, which is fixed-point- free on F/Z, so u acts 
freely on F/Z. If u is a root involution then for some element v E C oi order 5, 
[v,u] — 1 and Cg{v) /05{Cg{v)) = (3). Hence Cg{v) contains an element 
w of order 4 such that (w^) = Z and w ~u. By the free action of u on F/Z, 
u is conjugate to an element of (w), which is absurd as u is an involution. The 
mapping C /F — > Aut(£') is an isomorphism, so u is a 2-central involution in 
C = Ag. Now u is a transvection on E = i?24. On the other hand u acts freely 
on F, as we saw above. Therefore F]r\E\^ 8. But u centralizes [u, F] n E. 
It follows that u induces a transvection on E. Therefore u is ZJ-conjugate to an 
element of 02{D nE)^F. 

As n F ^ 0, we now may assume that u € F. Since C n D/F = Li{2) 
has a natural module and its dual as composition factors on F/Z, C D D has 
two orbits on the set of involutions in F — Z: those in E, and the rest. But 
C is irreducible on F and hence transitive on the involutions oi F — Z. As D 
is transitive on E'^ , it follows that N has one class of involutions; and then as 
C < N we conclude that iV = G, as asserted. 

Finally let a G Ca{M). Then a centralizes C D D so normalizes D. By 
Lemma [21b. a i D e Antz{D). Hence for some /3 G aZ, Gg(/3) > {C,D) = 
N = G. Therefore C{M) = 1. 



G = F2 [6] 

Here M = Gait), F*{M) ^2^Eg{2), and \M : F*{M)\ = 2; moreover there 
exists an involution u e M — F*{M) such that C p- (^m){'u) — -^4(2) x Z2. Only 
the involutions in t'~^ have centralizers isomorphic to A/, so 

1= iV(M). 

Since Out(2£:6(2)) = S3 [iQl Sec. 2.5], M/ (t) is perfect. 

N{M) = C{[M,M]/{t}). 

Let a e Ca{[M, M]/ (t)). We argue first that [a, M] = l and then that [a, G] = 
1. Since M/ (t) is centerless and [M, M] is quasisimple, a centralizes M/ (t) and 
[M, M]. If a does not centralize M, therefore, we must have u" — tu E . 
However, from [TUl Table 5.3y] we see that of the involutions u and tu, one lies 
in the class t'^ and the other does not, belonging instead to class 2G. This 
contradiction shows that 

N{M) ^ C{M). 
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It also shows that we may take u £ t'^. Now let a G C{M). There is 
V eM of order 3 such that N := NM/{t){{v)) = S3 x Ue{2) ■ 2 |10i Table 7.3.4]. 
Having a nonsolvable centralizer, v must belong to class 3 A [TUl Table 5.3y], 
and so J := Nci{v)) = E3 x Aut(Fi22). Therefore a acts on E{J) = Fi22 and 
centralizes both t and E(CE(,j){t)) = N^°°^ = Ug{2). In the discussion of the 
case G — Fi22, we have argued that (in the terminology of the current case) 
CAut(£;(j))(-^'°"-' {t)) — {t)- Therefore replacing a by at if necessary, we may 
assume that [a,E{J)] — 1. Now t-^^'^^ is a class of 3-transpositions in E{J). 
Hence there is g G E{J) such that tt^ has order 3 and E{C E(j){tt^)) 7^ 1- In 
particular Caitts) is nonsolvable, so NaUtts)) = S3 x Aut(Fi22) [13 Table 
5.3y]. 

Finally consider H := Ccia)- We have M < H and g & E{J) < H. Then 
M n A'F = Caiit, t^)) = Aut(^^i22), 

' |AfnAf9| 2|Fi22| 
|F2||Fi22| 3^5^23 -31 -47 

' ' - 8|2S6(2)|2 ~ 2177.17-19 - 

As G is simple and \G\ > 61, G = H, and so 

C{M) = 1. □ 



G^Fi [12] 

Here M = C. By Sylow's Theorem, 

A = N{M). 

The action C/F*(C) ^ Coi on i^*(C)/ (z) ^ A/2A is absolutely irreducible, 
and H^{C/F*{C), A/2 A) is trivial by Corollary [HI Therefore by Lemma [Od, 

N{M) = C(Af). 

In particular C{T) < N{M) = C'(A/). 

Let a 6 C(Af). Let t G M he a. non-2-central involution which is extremal 
in T and set := Gait). Then a acts on iJ = 2i^2, and a centralizes H (IT = 
Grit) e Syl2(i?). By the F2 case, [Grit), a] = 1 implies that [H,a] = 1. Hence 
Gaia) contains M and H. 

But it is well-known, and we give an elementary proof below, that 

(Af, H) = G. (3A) 
Thus a will necessarily be trivial and we will have proved 

C{M) = 1. 
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Our argument that (M, H) — G begins by setting Go = {M, H) and observ- 
ing that F*(CG{{z,t'))) ^ F*{CM{t)) is a 2-group for any involution t' such 

that [z,t'] = 1. Taking t' = we have [7J'\t] = 1 and F* (^Cg (^{zJ'\t)^^ is 

a 2-group. As g varies, ^ varies over all of z'^ n Coit) — z'-^ Ci H. Therefore 
any z' E z'~' f) H is i/-conjugate to zi or Z2, these being conjugacy class rep- 
resentatives such that C^/(t)(zi) = 2^+^'^Co2 and CH/<t>{z2) = 2^+1*^0^(2). 
To pull back to H , notice that we may take zi = z in the first case, and then 
t £ 02(C) so t and tz are C-conjugate. In the second case, writing Z2 = z^ 
and t' = ta & C, we have Cc(t') = CG{{t',z)) = CG((t,Z2)^) = CG{{t,Z2)) = 
Ch{z2), whence t' ^ 02{C) and the image of t' in C/02{C) = Coi is a 2-central 
involution, with Cc/o2(c){'t'02{Cj) is an extension of a 2-group by just Qg{2). 
Consequently Z2 and Z2t are fused in H. We have proved that there are ex- 
actly two G-orbits on the set Pq of all pairs {z^ ^t^) such that h,k E G and 
— 1, and they are represented by {z,t) and {z,t'). 

Since G < Go, it follows that there are exactly one or two Go-orbits on the 
set Ph of all pairs [z^ ,t^) as above but with h,k restricted to lie in Go; and 
representatives of these orbits are {z,t) and (in the two-orbit case) (z,t'). We 
consider these cases separately. 

In the one-orbit case, t' ^ and t^r\G C 02(G). Therefore t^r\{Cr\H) C 
02(G)ni7 = 02{Cr]H). Since 02{Cr\H)/ {z,t) = E222 is acted on irreducibly 
by G n H/02{G D H) = G02, and t'^ ^ {t, z), it follows that {t^o DGnH) = 
02(0 n H). On the other hand, by the structure of H/Z{H) ^ F2, there is 
t* e n H such that in GGi{t,t*)) = 2'^'^Ee{2), long root involutions are H- 
conjugate to t. The positive long root subgroups generate a 2-group isomorphic 
to a Sylow 2-subgroup of 04(2), which is not embeddable in the class 2 group 
02(0 Ci H), a contradiction. 

Therefore we must be in the two-orbit case, so i'-^ n G = t'~^° fl G, that is, 

n Go = f^". From this one quickly gets G Go <^=^ x e Go for all x € G, 
and one could argue that for any involution y E Gq, G Go <J==> x G Gq. 
This would give Go — G, as desired, since Go cannot be strongly embedded in 
G by the Bender-Suzuki Theorem. We argue differently, however. Using [TUl 
Table 5.31], we see that in G/02(G) = Goi there exists a subgroup D x W 
with D = Dio and W = } Z2', moreover, the only involutions centralizing 
an isomorphic copy of W are 2-central. We have seen that there is a conjugate 
t' G t'^ such that t' C and the image of t' in G/02(G) is 2-central. Hence 
using the Baer-Suzuki theorem, t' inverts an element of Go of order 5. Moreover, 
t' e GoCit^ = t^°. Thus, t inverts some / G Go of order 5. Let t" = tf. Then 
in the action of G on i*^ x t'~^, the stabilizer of {t,t") is Gt^t" — CG{f,t). From 
[ini Table 5.3z] we see that \Gt,t"\ < I-F5I = 2"365S7.11.19. Note that all 
G-conjugate pairs of the form {t,t*) are actually H — Gg (t)-conjugate. Thus, 

\Go : H\ = |<Go| > \{t* e I (i,r) G {t,t"f}\ > \H\/\Gt,t"\ > \H\/\F5\, 

\r r< I ^ _ 5373.11.13.29.41.59.71 ^ ^ 

|G . Gol < - 224.17.23.31.47 < 

As G is simple, G = Gq, as desired. 
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